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A six-dimensional Davidson potential, introduced within the framework of the Interacting Vector 
Boson Model (IVBM), is used to describe nuclei that exhibit transitional spectra between the purely 
rotational and vibrational limits of the theory. The results are shown to relate to a new dynamical 
symmetry that starts with the Sp(12,R) D SU(1, 1) x SO(6) reduction. Exact solutions for the 
eigenstates of the model Hamiltonian in the basis defined by a convenient subgroup chain of SO(6) 
are obtained. A comparison of the theoretical results with experimental data for heavy nuclei with 
transitional spectra illustrates the applicability of the theory. 

PACS numbers:21.10.-k, 21.10.Re, 21.60. Fw, 27.70. +q 



I. INTRODUCTION 

The interaction between competing collective modes 
in atomic nuclei is very important in determining their 
structure. The collective modes that manifest themselves 
most strongly are rotations and vibrations. These 
modes are characterized by very specific energy level 
spacings and electromagnetic transition strengths. There 
are various models that give exact algebraic solutions 
in these limits, one being the interacting boson model 
(IBM) 2] that contains both as special symmetry lim- 
its of the overarching theory. Nonetheless, systems that 
exhibit a strongly mixed rotational- vibrational character 
are neither easy to model nor understand, even within 
an IBM-type algebraic picture that claims exact analytic 
results in each of these symmetry limits. 

The desire to have an algebraically solvable theory that 
can describe systems with rotational-vibrational interac- 
tions has led nuclear physicist to consider the Davidson 
potential 0, which has known algebraic solutions when 
applied to diatomic molecules. In an algebraic approach 
for either the nuclear many-body problem or the Bohr- 
Mottelson collective model, the addition of the Davidson 
potential to the Hamiltonian requires the consideration 
of a dynamical subgroup chain that contains the direct 
product Sp(2, R)®SO(n) C Sp(2n, R), with n = 3 and 5, 
respectively. A short overview of these cases and their ap- 
plication in nuclear physics is given in Section 2. In Sec- 
tion 3 the more general case of a 6-dimensional Davidson 
potential is considered within the framework of the phe- 
nomenological interacting vector boson model (IVBM) 
0. The latter has Sp(12,R) as its dynamical symme- 
try group. This model has been applied successfully to a 
description of various collective phenomena [E IS • I n 
the present paper, a new reduction chain of the dynami- 
cal group 5p(12, R) through the direct product subgroup 
Sp(2, R) (g> 5*0(6) is reported. As shown in Section 4, 
this innovation extends the applicability of the theory to 
include rotational-vibrational interactions. 

In short, the present study leads to a better under- 
standing of and provides motivation for an algebraic 



IVBM for two interacting many-particle systems. The 
two systems of interest for nuclei are comprised of pro- 
tons and neutrons. The application of this dynamical 
symmetry to nuclei confirms the ability of the Davidson 
potential to reproduce nuclear rotational-vibrational be- 
havior found in nature. 



II. ALGEBRAIC APPROACHES IN 
APPLICATIONS OF THE DAVIDSON 
POTENTIAL TO NUCLEAR STRUCTURE 

A. The Davidson potential 

The need for a description of nuclei in which rotational- 
vibrational interactions dominate has led to a search for 
algebraically solvable potentials and a meaningful set of 
basis states that make the transitional nature of these 
systems more transparent. 

Davidson proposed such a potential, 



V(r) = X (r 2 + -j ), 



(1) 



for diatomic molecules 0. The Hamiltonian (including 
its kinetic part) for a system with a strong rotational- 
vibrational interaction in harmonic oscillator units takes 
the following form 



H e = -^ 2 (-V 2 



+ 3)- 



(2) 



Both V 2 and r 2 are SO (3) scalars, and hence H itself 
is a 50(3) invariant. On the other hand, H can be ex- 
pressed in terms of the SU(1, 1) generators defined in the 
following way Q 



Zi = -v 2 + -, 



Z 2 = r z 



Zs = -(r-V + V-r). 



This means the eigenstates of the system can be classified 
according to the direct product 577(1,1) x 50(3). Us- 
ing the latter, algebraic solutions (eigenvalues and wave- 
functions) can be obtained. Indeed, as shown in 0, 
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the many-body system with the Davidson potential has 
SU(1, 1) ® 5*0(3) as its spectrum generating algebra. 

It is well known in nuclear physics that the most suc- 
cessful description of rotations and vibrations are ob- 
tained within the framework of the Bohr-Mottelson col- 
lective model (CM) 0, which in many respect is the 
geometrical equivalent of the IBM 2] . It is a liquid-drop 
model with 5 collective coordinates (y = 0, ±1,±2) 

qv = pcos 1 vl(n)+^p S m 1 (v 2 2l/ (n)+v 2 _ 2 „(n)}, (3) 

and canonical momenta {p v = —ihd/dq^}, expressed in 
terms of intrinsic (/?, 7) coordinates and rotational angles 
f2 of 50(3). The model Hamiltonian 

1 1 2 

= 2B P ' P + 2 BiU <M ' 

gives a harmonic vibrational spectrum and with the ad- 
dition of the quadrupole Davidson potential 

^ = ^p-V + \B^{ q . q+ £), (4) 

yields a rotational- vibrational spectrum, characteristic of 
the so-called 7— soft Wilets-Jean rotor H3- This limit 
of the model corresponds to the 0(6)-symmetry limit of 
the IBM [2j. The potentials used in these limits are in- 
dependent of 7 (and Q) and so are functions only of the 
variable (3 2 = q.q, where both p 2 and 1 are scalar prod- 
ucts of 5-dimmensional vectors, so they are 50(5) in- 
variants. Another nice feature of H e (J2J, is that it has 
5C/(1, 1) dynamical symmetry. The energy spectrum for 
a 5-dimensional collective Hamiltonian with a Davidson 
potential was given by Elliott et al [llj . 

An orthonormal basis for the CM with the Davidson 
interaction is given ^2 by a set of states {\nvaLM)} 
that is labelled by the quantum numbers of the subgroup 
chain 



was used to obtain analytical results for the energy eigen- 
values and eigenstates of isotopic chains for transitional 
nuclei lying between the 7-soft and vibrational limits of 
this theory. 

B. Collective behavior of many-body systems and 
symplectic geometry 

Notwithstanding these considerations, a microscopic 
description of the collective behavior of a many-particle 
system in 3-dimensional space requires higher symme- 
tries. Specifically, such a complicated system is usually 
characterized by an irrep of Sp(6n, R) and its Sp(6, R) ® 
0(n) subgroup, where n = A — 1 and A is equal to the 
total number of nucleons in the system. Collective ef- 
fects emerge within this structure when the system is 
constrained to a specific irrep of O(n) which in turn 
determines the Sp(6,R) irrep Q. When this is done, 
the Hamiltonian falls within the enveloping algebra of 
Sp(6, R) rather than Sp(6n, R). 

The coordinates Xi S and momenta pi S of the n particle 
system s = l,2....,n in a 3-dimensional space i = 1,2,3 
defined by the only nonzero commutator 

[xi s ,Pjt] = iSijSst, i,j = 1,2,3; s,i=l,2,..,n 

(6) 

are the elements of a 3n-dimensional Weyl Lie algebra 
W(3n). The Hcrmitian quadratic expressions in the co- 
ordinates and momenta 

•Kis-Ejt? x isPjt ~t~ Pjt^is: PisPjt: (7) 

that close under commutation HH yield the 3n(2 x 3n+l) 
generators of the Sp(6n, R) symplectic group. 

The generators of the subgroups in the reduction 
Sp(6, R) x O(n) of Sp(6n, R) can be obtained from Q by 
means of contractions with respect to the indices s and 
i, respectively. For the 0{n) group the infinitesimal op- 
erators have the [l6l | well-known antisymmetrized form 



517(1,1) 50(5) D 17(1) ® 50(3) D 50(2) 

n van L M ' ^ ' 

where n labels the lowest weight SU(1, 1) state, v is the 
highest weight 50(5) irreducible representation (irrep) 
label, and a is a running index that is used to distinguish 
multiple occurrences of an 50(3) irrep that is labelled by 
the angular momentum L and its projection M. 

Just as there is a correspondence between the descrip- 
tion of the geometrical collective model and the IBM 
for the 7-unstable transitional region, an exact solution 
has also been obtained for the 0(6) <-> U (5) transitional 
region u sing an infinite-dimensional algebraic technique 
[l3|. In [lg, the complementarity of the U(5) D 50(5) 
and 50(G) D 50(5) bases to the 5Z7 d (l, 1) D U(l) and 
SU sd (l, 1) D 7/(1), respectively, with corresponding rela- 
tions between the Casimir invariants and quantum num- 
bers labeling representations in the corresponding chains, 



L s t = 22(xisPit - XitPis). (8) 

i=l 

For Spi&M) there are 3(2 x 3 + 1) = 21 Hermitian gen- 
erators [3],[i3> of the form 

n 

Qij — y ] ( x is x js), (9) 
s=l 



Sij ^ ^ ^ { x isPjs ~l~ x jsPis ~l~ Pjs x is ~l~ Pis x js): (-^) 
s=l 



n 

T ij = ^2(PisPjs), (H) 
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The Lij generate the 5*0(3) subgroup of Sp(6,R) ifT^I . 

As we are dealing only with the irreps [^ 6 ] or [^ 5 |] of 
Sp(6, R). the irreps of Sp(6, R) and 0(n) are complemen- 
tary [l9j, i.e., if we fix the irrep of 0(n) that of Sp(6, R) is 
specified or vice versa. From shell-model considerations 
it has been shown |2(| that fixing the 0(n) irrep isolates 
the collective effects |2l|. Thus Sp(6,R) can be used to 
solve the collective part of the many-body problem. 

A complete set of states is provided by the eigenstates 
of the Hamiltonian 



^ = EE ff -' H ls = -(xl+pl), (13) 

s=l i=l 

where the operators Hi S are special combinations of the 
generators of Sp(6, R) that commute among themselves, 
i.e. \Hfa , Hj t ] = and therefore are the weight genera- 
tors [l6| of this group. Furthermore, in this basis we can 
calculate the matrix elements of all the generators of the 
S*p(6, R) group. This means that an arbitrary Hamilto- 
nian H involving central forces is in the enveloping alge- 
bra of Sp(6, R) and can be written as a function of the 
quadratic expressions in J7J which are invariant under 
space reflections. This also applies to other integrals of 
motion such as the square of components of the total an- 
gular momentum i|12|) and functions thereof. Subgroups 
of the dynamical group S*p(6, R) can be used to further 
classify the eigenstates of Hq . 

The challenge is to define a basis in terms of irrep la- 
bels of groups in a physically meaningful chain of sub- 
groups of Sp(6, R). The basis characterized by the chain 
Sp(6,R) D U(3) D 5*0(3), where U{3) is the group of 
the quadrupole momentum introduced by Elliott, is well 
known and obtained in both an abstract way 0, |2^ 
as well as in terms of shell- model states [23|- Many suc- 
cessful applications of this theory have been made for 
deformed nuclear systems. 

Another relevant chain for developing collective basis 
states is Sp(6, R) D Sp(2, R) <g> 5*0(3) that was consid- 
ered by Moshinsky and his collaborators in an effort to 
obtain a simple description of vibrational collective nu- 
clear motion • Indeed if the local isomorphism of the 
sp(2, R) w su(l, 1) algebras is taken into account its re- 
lation to the spectrum generating algebra of the many 
body nuclear system with the Davidson interaction be- 
comes explicit. This provides motivation for considering 
this reduction in seeking a description of a more complex 
modes that includes rotational- vibrational interactions. 



III. NEW DYNAMICAL SYMMETRY IN THE 
IVBM 

A. Group theoretical background of the model 

On the basis of the above considerations, namely the 
use of a symplectic geometry in investigating nuclear col- 
lective motion, a further elaboration of the problem can 
be achieved if we consider the nuclear many-body sys- 
tem as consisting of interacting proton and neutron sub- 
systems. This leads to the phenomenological IVBM 
where S*p(12, R) - the group of linear canonical transfor- 
mation in a 12-dimensional phase space |l9| - appears 
as the dynamical symmetry of the model. The sp(12, R) 
algebra is realized in terms of creation (annihilation) op- 
erators w+ (a)(it m (a)), in a 3-dimensional oscillator po- 
tential m = 0, ±1 of two types of bosons differing by the 
value of the "pseudo-spin" projection a = p = 1/2 and 
a = n = — 1/2. These are related with the cyclic co- 
ordinates x±i(a) — T ^75(^1 («) i ix2(a)), xo(a) — X3 (a) 
and their associated momenta q m (ct) = —id/dx m (a) in 
the standard way 

ti+(a) = -^=(x m (a) - iq m (a)), (14) 

u m (a) = (u+(a)) f ), 

where Xi(a) i — 1, 2, 3 like in © are the Cartesian coor- 
dinates of a quasi-particle vectors with an additional in- 
dex, namely the projection of the "pseudo-spin" a = ±i. 
The bilinear products of the creation and annihilation 
operators of the two vector bosons 1)14(1 generate the bo- 
son representations of the non-compact symplectic group 
Sp(12,i2)H: 

k,m 

G L M (a,f3) = Y. C ^Lu k {a)u m {P), (15) 

k,m 

A L M (a, /3) = J2 C ikfm<(a)u m W), (16) 

where C^^f are the usual Clebsch-Gordon coefficients 
and L = 0, 1, 2 and M — —L, —L+l, ...L define the trans- 
formation properties of l|15l) and l|16fl under rotations. 
The commutation relations between the pair creation and 
annihilation operators (|15J) an d the number preserving 
operators (|l(jfl are calculated in Q . The set of operators 
(|16f) close under commutation to form the algebra of the 
maximal compact subgroup of Sp(12,R) D C^(6). The 
linear invariant of U(6) is the number operator, 

N= V3{A°( P , P ) + A°(n,n)) = N + + N-, (17) 

that counts the total number of bosons. The action space 
of the operators (|15fl and (|16|) is in general reducible and 
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the invariant operator (— 1) N decomposes it into even 
H + with N = 0,2,4, and odd H_ with N = 1,3,5, 
subspaces, so in the reduction Sp(l2,R) D E7(6) both 
the even and odd irreps of the Sp(12, R) decompose into 
an infinite sum of finite fully symmetric irreps of C/(6), 
[N]e = [N, 5 }e , where N is the eigenvalue of the opera- 
tor lJT7jl. 



B. Reduction through the non-compact Sp(2,R) 

In order to relate the IVBM to the 6— dimensional 
Davidson potential, we introduce another reduction of 
the Sp(12 R) group through its non-compact subgroup 
0, E3, 0: 



Sp(12, R) D Sp(2, R) ® 5*0(6). 



(18) 



As can be deduced from the considerations given above, 
this construction obviously survives the addition of 
Davidson potential. The infinitesimal generators of the 
Sp(2, R) algebra 



G = C ikim u k(u)u m (a) 

k,m,a. 



2S- 



(19) 



A = £ C°° klm ut(a)u m (a) = ±N = 25° 1, 



k , m . a 



are obtained from the Sp(12, R) generators <|15fl and i|16|) 
by means of contraction with respect to both the spatial 
m = 0, ±1 and the "pseudospin" a = p = 1/2, a = 
n = —1/2 indices. It is straightforward to show that the 
operators S T , r = 0, ± commute in a standard way for 
the SU(1, 1) algebra generators 0] 

[5°, 6^] = 5 ± , [S + ,S-]=-2S°, 

so the sp(2,R) and the su(l,l) algebras are lo- 
cally isomorphic with a Casimir operator written as 
Qz(SU(l, 1)) = S°(S° - 1) - S + S~. 

By construction, the operators l|19|) are scalars with re- 
spect to 6-dimensional rotations and they commute with 
the components of the 6-dimensional momentum opera- 
tors 0, 



(20) 



A$t(a,0) = A&(a,0) - (-l) L A L M ({3, a), 
which obey the property 

Ai f (a,/3) = (-l) L A^(/3,a) 



and generate the 5*0(6) algebra. When a = (3, from (I20|) 
one obtains 

A%j(a, a) = A L M {a, a) - (-1) L A L M {a, a), 



which are different from zero only for L = 1. Indeed, 
the 6 operators A\j(p,p) and A M {n, n) are rank one ten- 
sors with respect to 0(3) and represent, respectively, the 
angular momenta of the p and n boson systems. In the 
case when a / |3 the operators (|20ll are the 5 + 3 + 1 
components of tensors of rank 2, 1, and 0, respectively. 
In this way, the direct product of the two groups (|18|) is 
realized. The second order invariant for the 50(6) group 



A 2 = ^(-l) M A^(a,/3)A^(/3,a), 



(21) 



L,a,/3 



and it is related to the second order invariant of the 
Sp(2,R), as in the direct product i|18|) the two groups 
are complementary [19(, which means that the irreps of 
the group SO (6) determine those of Sp(2, R) m SU(l, 1) 
and vice versa. 



C. Labeling of the basis 

In order to define the basis of the system with l|18|l as 
a dynamical symmetry that allows one to include the 6- 
dimensional Davidson potential, we consider the reduc- 
tion of the 50(6) algebra to the 50(3) algebra of the 
angular momentum through the following chain £| , |24j 



50(6) D 517(3) O 0(2) D 50(3) 
(A, fi) v L 



(22) 



which defines the 7-unstable limit of the IVBM. The sin- 
gle infinitesimal operator of 0(2) is proportional to the 
scalar operator A (a,/?) from the 50(6) generators lt2THl . 



M af} = -V3A°(o,/3) = -V3[A°{a,(3)- A°(/3,a)], (23) 
and the generators of SU (3) are 

X 2 M = i{A 2 M {p,n) - A 2 M (n,p)),M = 0,±1,±2, 



Y^j = A l M {p,p) + A l M {n, n) = -—L M ,M = 0, ±1. 

(24) 

Note, that in this case the quadrupole moment X lf2*4^l 
is the proton-neutron interaction. The second-order 
Casimir invariants of the two groups in the direct product 
in f|22(l can be written as 

20 2 (0 2 ) =M 2 = Y J M a(3 M Pa , 



C 2 (SU{3)) = ^(-1) M (A M A_ M + Y m Y^m). 

M 
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For 50(6) C U(6), the symmetric representation [N]q 
of U (6) decomposes into fully symmetric (ui, 0, 0) 6 = {ui)e 
irreps of 50(6) according to the rule 

<f> 

[N} 6 = (w,0,0)a= 0(AT-2i) 6 , (25) 

u=N,N-2,...,Q(l) «=0 

where < ^ >= ^ if AT is even and if AT is odd. Fur- 
thermore, the following relation between the quadratic 
Casimir operators C 2 (5*7(3)), M 2 of 0(2) and A 2 {23} 
of 50(6) holds 26]: 

A 2 = 2C 2 {SU(3)) - \m 2 , (26) 

which means that the reduction from 50(6) to the ro- 
tational group 50(3) is carried out through the comple- 
mentary groups 0(2) and SU(3) Qjj- As a consequence, 
the irrep labels [/i,/2,0]3 of SU{3) are determined by 
(u))g of 50(6) and by the integer label (y)2 of the asso- 
ciated irrep of 0(2) i.e. 

(w)a = ©[/i,/2,0] 3 ®(i')2. (27) 

Using the relation (|26|l of the Casimir operators, for their 
respective eigenvalues one obtains: 

w(w +4) = ^(/ 2 + /|- A/ 2 + 3/0 - y. (28) 

Then if f 2 = and v = ft, from (|28|l written as (/i — 
u))(fi + <->-> + 4) = 0, it follows that /i = a;. li f 2 = i in 
{2Et we obtain the relation 

i/ = ±(w-2«), i = 0, (29) 

Hence (|27f) can be rewritten as 

UJ 

(u) 6 = 0[«,*,O] 3 ® (w - 2i) a = 

[lj, 0] 3 <8>(f) 2 , 

!/=ii),i»)-2,...,0(l) 

or in terms of the Elliott's notation (A,/x) 

He= (f^,^)® M9 . (30) 

i/=w,w-2,...,0(l) 

Finally, the convenience of this reduction can be fur- 
ther enhanced through the use of the standard rules for 
the reduction of the SU{3) D 50(3) chain: 

K = min(A, p), min(A, p) — 2, (1) 
L = max(A,/i),max(A,i<)-2,...,0 (1); AT = 0(31) 
A = K,K+1,...,K + max(X, fj,);K ^ 0. 

The latter is the usual reduction of an irrep (A, /i) of 
SU(3) into irreps A of 50(3) where the multiplicity num- 
ber K is used to label the rotational bands in the energy 
spectra of the system. 



D. A 6-dimensional Davidson potential and its 
algebraic structure 

As discussed in Sec. 2, basis states of the collective 
model are classified according to irrep labels (quantum 
numbers) of the reductions yj, 

517(1,1) ® 50(5) D 17(1) ® 50(5) D 50(3). 

For spherical nuclei, SU(l, 1) is realized when f7(l) ® 
50(5) is a subgroup of J7(5); on the other hand, for de- 
formed nuclei a transformation of 5C/(1, 1) gives eigen- 
states of the Davidson potential. With the extension of 
the collective model to six dimensions, the states can be 
classified by the quantum numbers |27j | provided by the 
chain 

U{3) D U{1) ® SU(3) D 50(3) 

which are eigenstates of the spherical vibrational Hamil- 
tonian 

H = huoN. 

The U(l) <g> SU{3) subalgebra, generating a rotational 
type of spectrum, appears also in the chain 

SU {1,1) ® SU{3) D 17(1) ® 5*7(3) D 50(3). 

It should be clear that one can make the same trans- 
formation of SU{1, 1) as for the 5— dimensional collec- 
tive model, and in so doing obtain basis states which are 
eigenstates of a 6— dimensional analog of the Davidson 
potential. The former reduction chain is contained natu- 
rally in the group-theoretical structure of the Interacting 
Vector Boson Model 0, [13, HJ: 

Sp{12,R) D Sp{2,R) ® 50(6) 
N uj 
11 U 

SU{1,1) ® SU{3) (g> 0(2) D 50(3), 
N (A, /i) v K L 

where below the different subgroups the quantum num- 
bers which characterize their irreducible representations 
are shown. In the last line of l|32|l we take into account 
the fact that the group Sp{2, R) is locally isomorphic to 
the group SU{1,1). The basis, labeled by the quantum 
numbers classified by the group-subgroup chain l|32|l . can 
be written as 

\Nu;{\,p)v;K,L) (33) 

where the reduction rules for obtaining specific values 
for each state are the same as given earlier. By means 
of these labels, the basis states can be classified in each 
of the two irreducible even H + with A" = 0,2,4, and 
odd H with N =1,3, 5, ... representations of 5p(12, R). 
We illustrate this in Table 1 for the even H + irreducible 
representation, where N with the set of ui contained in it 
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PSfr label the rows and the values of the quantum number 
v f l2"5j l label the columns. The SU(3) quantum numbers 
(A, jtx) define the cells of the Table 1 as they are obtained 
with the help of u> and v (|30l) . 

The Hamiltonian with the dynamical symmetry corre- 
sponding to the chain 1|32|) is expressed in terms of the 
first and second order Casimir operators of the different 
subgroups in it: 

H = aN + bN 2 + a 6 A 2 + a 2 M 2 + (3 3 L 2 . (34) 

and it is obviously diagonal in the basis l|33|l labeled by 



the quantum numbers of their representations. The sec- 
ond order invariant of SU(3) is dropped in i|34fl. because 
of its linear dependence on the Casimir operators of the 
SO (6) and 0(2)®. Then the eigenvalues of the Hamil- 
tonian 134fl that yield the spectrum of a system interact- 
ing with 6— dimensional Davidson potential are: 

E{N,oj,v,L) = aN + bN 2 + a 6 uj(uj + 4) 

+a 2 is 2 + /3 3 L(L+1). (35) 



I 

Table 1. 



N 


u 


v-- 6 4 


2 





-2 


-4 -6 ••• 












(0,0) 






2 


2 





(2,0) 


(1,1) 

(0,0) 


(0,2) 




4 


4 
2 



(4,0) 


(3,1) 
(2,0) 


(2,2) 

(1,1) 
(0,0) 


(1,3) 
(0,2) 


(0,4) 


6 


6 
4 
2 



(6,0) (5,1) 
(4,0) 


(4,2) 
(3,1) 
(2,0) 


(3,3) 
(2,2) 

(1,1) 
(0,0) 


(2,4) 
(1,3) 
(0,2) 


(1,5) (0,6) 
(0,4) 









IV. APPLICATION TO REAL NUCLEI 

In applications of this new dynamical symmetry (|32J) of 
the IVBM to real nuclear systems that follows, we exploit 
the "algebraic" definition of yrast states as introduced 
in 0. This means that we consider those states with 
maximal value of the angular momentum L for a given 
number of bosons N to be yrast. With this definition, 
the states of the ground band, which are the yrast states 
of the nucleus, are basis states with w = N, A = /i = 
where N = 0,4,8, ... (AN = 4) from the v = column 
of Table 1. 

The states of excited bands are not yrast states. The 
correct placement of the bands in the spectrum strongly 
depends on their band-heads' configuration, and in par- 
ticular, on the number of bosons, TV = iV m i n , from which 
they are built Q. For the excited bands considered, we 
choose first a corresponding N m - ln for the band-head state 
and then the bands are developed by changing N m \ n with 
AN = 4 and Aco = 2, so that the lowest L of the band- 
head is taken from the iV m i n multiplet and AL = 2 for 
the /3j— bands with Kf — Of, where i enumerates the 
+ excited states in the order of increasing energy and 
AL = 1 for K* = L+ (L ^ 0, L = 2,4, ..), as prescribed 
by the reduction rules (|3"T)) . The values of the (A, /i) of 
the su(3) multiplets to which the excited bands corre- 



spond are obtained by fixing the value of the o(2) label 
v. For example, the states of first excited (3— band and/or 
7-band may belong to two different diagonals (A, fj, = 0), 
K = and/or to (A, /i = 2), K = and/or 2, so that 
v = L or/and v = L — 2 for L-even and v = L — 1 for L- 
odd respectively and Ai> — 2 for each neighboring stt(3) 
multiplets in a band under consideration. This variety of 
possible choices for the excited bands allows us to repro- 
duce correctly the behavior of these bands with respect 
to one another, which can change a lot even in neighbor- 
ing nuclei because of the mixing of the vibrational and 
rotational collective modes 281. 



From l|35|l it is obvious that there are 5 free parameters, 
which we determine by fitting the theoretical predictions 
for the energies of the ground and few excited bands to 



groi: 

the experimental data [l| , using a x 2 ~ procedure. The 
parameters that were obtained, the number s of experi- 
mental states, x 2 , an d -^min are all given in Table 2 for 
four different nuclei. 
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Table 2. 



Nucleus 


s 




bands 


x 2 


parameters 


168 Yb 


20 





ground 


0.0047 


n — fl 03493 
6 — 00059 


P. — "i OR 


R 


20 


7 


OOOfi 


r\ c — o ooo^ 




4 


20 


pi 


0073 


rvo — —0 0094-^ 




3 


24 




0.0125 


/? 3 = 0.00229 


232 rpj^ 


15 





ground 


0.0050 


a = 0.01986 
6 — 00037 


/?, — 3 28 


g 


24 


7 


0002 


rvc — 00035 




4 


20 


HI 


0022 


(To — —0 00096 

lx / — \J .yjyjyj u\J 




2 


28 


01 


0.0054 


3 = 0.00145 




3 


38 


K = 4 


0.0020 




150 Sm 


11 





ground 


0.0057 


a — 09705 
6 — 0001 6 


7?i — 2 32 


K 

O 


12 


7 


0089 


r\ c — 00049 




3 


6 




0.0083 


a 2 = 0.00064 




3 


12 


02 


0.0198 


/3 3 = 0.00123 


152 Sm 


9 





ground 


0.0022 


a = 0.02971 
b = 0.00057 


i?4 = 3.01 


7 


24 


7 


0.0023 


a 6 = 0.00056 




7 


14 




0.0105 


a 2 = 0.00229 




3 


28 


ft 


0.0088 


/3 3 = 0.00229 




L [h/2jt] 



FIG. 1: (Color online) Comparison of the theoretical and ex- 
perimental energies for ground and excited bands of 168 Yb. 

The first two, 168 Yb and 232 Th, are rather well de- 
formed nuclei from the rare earth and light actinide re- 
gion. We have chosen these particular nuclei as they have 




10 20 30 



L [h/27i] 



FIG. 2: (Color online) The same as in Fig. 1, but for the 
nucleus 232 Th. 



rather long spin sequences going up to very high values 
of the angular momentum in their ground bands. From 
the experimental ratios R4 = |!j of the ground band en- 
ergies, which is i? 4 = 3.26 for the 168 Yb and i? 4 = 3.28 
for the 232 Th, we see that these two nuclei are very close 
to rotators, especially in their ground state bands. The 
values of AT m i„ that determine the start of the band- heads 
for the excited bands considered are rather high. One can 
see the good agreement between theory and experiment 
for the ground, first two and 7 bands for 168 Yb, and 
the ground, first two 0, 7 and K = 4 bands for 232 Th, 
respectively, in Figure ^ and Figure [5] The parameters 
(see Table 2) in both cases are of the same order of mag- 
nitude, but for 168 Yb they are somewhat larger. In both 
cases the + band-head of the /3-band is placed below 
the 2 + band-head of the 7-band. Additionally, one can 
clearly see the different degree of degeneracy of the L- 
even states of the 7 and first bands, which is a typical 
property for well-deformed nuclei. 

Additionally, in Table 2 we give the results for the 
150 Sm and 152 Sm, which are considered to be transitional 
nuclei. The first one with i?4 = 2.32 is transitional be- 
tween the 7-soft (i?4 = 2.5) and vibrational nuclei with 
(i?4 = 2.0) and the second one is a nuclei at the critical 
point of phase/shape transition 29] with so-called X(5) 
symmetry. As shown in Figure [3] and the experimental 
data is reproduced remarkably well, especially for 152 Sm 
where the and 7 bands are well distinguished. The 
values of N m i n varies more for these two nuclei and the 
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FIG. 3: (Color online) Comparison of the theoretical and ex- 
perimental energies for 150 Sm. 

parameter oli changes its sign. 

The values of \ 2 are rather good (small) for all of the 
examples considered. This suggests that the model is 
appropriate for the description of a rather broad range 
of nuclei, and most importantly nuclei that display mixed 
rotational and vibrational degrees of freedom. 

V. SUMMARY AND CONCLUSIONS 

In this work we introduce a new reduction of the dy- 
namical group Sp(12, R) of the algebraic Interacting Vec- 
tor Boson Model. It is based on the fact, that the 
rotational- vibrational spectrum of the nuclear system can 
be generated from a Hamiltonian with a Davidson inter- 
action which has as a spectrum generating algebra the 
direct product SU(1, 1) ® SO(n). The three- and five- 
dimensional cases (n — 3 and 5, respectively) have al- 
ready been explored in the nuclear structure physics and 
are related to the many-body problem in 3-dimcnsional 
space and the 7-soft limit of the geometrical Collective 
Model, respectively. Based on the algebraic approaches 
to these problems, we introduce an extension of the spec- 
trum generating algebra to SU(1, 1) SO (6) which in- 
cludes the 6-dimensional Davidson potential. It is nat- 
urally contained in the group of dynamical symmetry 
Sp(12,R) of the IVBM Further, the reduction of 

the boson representations of SU(1, 1) <£> SO (6) to the an- 
gular momentum group SO (3) is obtained in order to 




5 10 15 20 25 
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FIG. 4: (Color online) The same as on Fig. 1 for 152 Sm. 



provide for a complete labeling of the basis states of the 
system and the model Hamiltonian is written in terms of 
the first and second order invariants of the groups from 
the corresponding reduction chain. Hence the problem 
is exactly solvable within the framework of the IVBM 
which, in turn, yields a simple and straightforward ap- 
plication to real nuclear systems. 

We present results that were obtained through a phe- 
nomenological fit of the models' predictions for the spec- 
tra of collective states to the experimental data for two 
nuclei from the rare-earth and actinide major shells ex- 
hibiting rotational spectra, as well as two with transi- 
tional character between 7-soft and vibrational spectra. 
The good agreement between the theoretical predictions 
and the experiment results confirms the applicability of 
the IVBM to a broad range of nuclei with quite different 
collective properties. These features could be further de- 
veloped to study the phase/shape transitions in nuclear 
systems [3(3 , which of late has been a subject of high in- 
terest from a theoretical j3]| as well as from experimental 
p9| point of view. 

The most important feature of the model, from a phys- 
ical point of view, is that it leads to a successful de- 
scription of different types of nuclear collective spectra 
as well as mixed-mode results with the proton and neu- 
tron substructures and interactions between them taken 
into account explicitly. This is accomplished within the 
framework of a symplectic symmetry that allows for a 
change in the number of bosons of each type. 
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